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1. Introduction 

Given a conformal tlieory formulated in the operator approach it is not a priori 
clear which is a 2d field theory ('sigma model') which corresponds to it (if such correspon- 
dence is possible at all). To have a sigma-model interpretation (at least in some limit) is 
important in the case when a conformal theory is used to represent a solution of string 
theory. A large class of (super) conformal theories based on the G/H coset construction 
can be described in terms of gauged Wess-Zumino-Witten theories (QIQ. Both compact 
H and non-compact [^0 coset models describe most of the known Euclidean ('internal' 
space) and Minkowski (black hole and cosmological) string solutions. 

The first example of a sigma model interpretation of a gauged WZW model was given 
in for the case of the SU{2)/U{1) or SL{2,R)/U(1) theory. It was found that the 

sigma model metric is different from the standard invariant metric on the coset space 
and that the sigma model contains also a non-trivial dilaton coupling . These two facts 
are, of course, not unrelated: the dilaton must be present in order to satisfy the conformal 
invariance condition given that the invariant metric on a homogeneous space has a non- 
trivial Ricci tensor |^]. The idea in [QQ was to eliminate the 2d gauge field from the 
classical action of gauged WZW model. Since this was done at the semiclassical level 
only, the resulting sigma model was conformal only in the leading order (in a' or 1/k) 
approximation. It was suggested in |]T^ that the exact expressions for the metric and the 
dilaton can be obtained by using the 'operator approach', i.e. by interpreting the Lq- 
operator of the corresponding coset theory as a Klein-Gordon operator in a background. 
The expressions proposed in (which explicitly depended on a') were, in fact, found 
to be solutions of the sigma model conformal invariance conditions up to four loop orders 

mm- 

Since the operator approach to determination of the background fields is rather heuris- 
tic, being based on a number of implicit assumptions (and do not allowing one to compute 
the antisymmetric tensor coupling in a straightforward way) it is desirable to have a direct 
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field-theoretic method of derivation of a sigma model corresponding to a coset theory which 



generalizes the idea of |§] to all orders in 1/k. Such a method was recently suggested in 



and considered also in The main point is first to replace the classical gauged WZW 
action by the exact effective one and then eliminate the gauge field. Since the gauged 
WZW theory is 'exactly soluble', its effective action can be found explicitly [|13|. The aim 
of the present paper is to clarify and develop further this approach. In particular, we shall 
generalize the analysis of [|l^ to the case of supersymmetric WZW theory and derive the 
general expressions for the metric, dilaton and antisymmetric tensor for an arbitrary G/H 
model (justifying and extending the results of The explicit form in which we 



shall find the sigma model couplings will make it possible to check that the resulting met- 
ric and dilaton are the same that appear (in more abstract form) in the operator approach 
T^[15][16|. We shall also prove in general that the dilaton can be expressed essentially 



in terms the logarithm of the determinant of the metric (confirming previous suggestions 
T3][|15|[|ll).0 



Let us first explain the basic idea of our approach. To give a sigma model interpreta- 
tion to a gauged WZW theory one, should, in principle, should fix a gauge and integrate 
out the gauge field. In practice, this is rather difficult to do since questions of regulari- 
sation, measure, preservation of conformal invariance, etc should be properly taken into 
account. These issues are easy to resolve at the semi classical level but they become 
quite subtle once one tries to obtain exact results. A way to by-pass these complications 
fl^ is to find first the effective action Vg^zw in the gauged WZW theory and then identify 
it with the effective action Vsm of the corresponding sigma model. Let S{g,A,'^) be the 
classical action of a gauged WZW theory defined on a curved 2d background {g is an 
element of a group C, A^a is the 2d gauge field taking values in the algebra of a subgroup 



^ The fact that the product \fG e '^^ is fc-independent was observed in the SL{2, R)/U{1) 
1^1 17]. It was further checked on a number of non-trivial G/H models, formulated as a 



case m 



general statement and argued for using path integral measure considerations in |15][14|. 



H, and ■yrnn is a 2d metric). The quantum effective action Tg^zwio, 7) for the fields g, A 
is given by 

^gwzw = S{g,A,'y) + (quantum corrections) 



S{g,A,-f) + j dh^ R^{A,g) + ... . (1.1) 



Let 5" (x^, 7) be the classical action of a sigma model which should correspond to the gauged 
WZW theory 

5(x,7) = ^ / d^^Vlidn^x^d'^^'^G^^ix) + le^'^d^x^dr^x'' B^^{x) + a' R(t){x) ] . 

(1.2) 

Here x^ {fj, = 1, dim.G/H) are some coordinates on G/H. The quantum effective action 
in the theory (1.2) has the following symbolic form 

Tsm = 5'(x, 7) + (nonlocal terms). (1-3) 

The arguments in (1.1) and (1.3) are already classical (background) fields. The idea is to 
find the sigma model action S{x, 7) by comparing the effective actions (1.1) and (1.3). That 
means one should solve for the gauge field in (1.1), fix a gauge and then identify the local 
second-derivative part of the result as 5'(x,7). It is clear that in deriving the sigma model 
action one can ignore all possible non-local terms which may appear in T g^zw{9-, A,"^) or 
in the process of solving for the gauge field.i The derivation of the effective action Tg^^w 
which is the basic element of this approach will be further clarified and extended to 
the supersymmetric case below. 

We shall begin (Sec. 2) with a discussion of the operator approach. After a review of 



refs. |]T^ [|T5[ we shall point out that the answers to the questions why the resulting back- 
ground metric is a 'deformed' one (i.e. is different from the standard G-invariant metric 
on G/H) and why one gets a non-constant dilaton with \fG being /c-independent 



are closely related. There exists a close connection with the discussion [0 of the analogy 



The issue of non-local terms was a matter of some confusion in |13]. 



between the structure of Hamiltonians of quasi-exactly-solvable quantum mechanics sys- 



tems [ 19 ] and that of the stress tensor of conformal theories based on generalised 1 2C ] [ 18 1 
Sugawara or affine-Virasoro construction. The scalar which was interpreted as an 'imag- 
inary phase' in |l^ is, in fact, the dilaton of the sigma model corresponding to a given 



conformal theory. As a result, we show in general that the dilaton which appeares in the 
operator approach is given by the logarithm of the ratio of the determinants of the sigma 
model metric and an invariant metric on G/H, so that the combination \fG e"^*^ does 
not depend on the matrix in the bilinear form of the currents in the stress energy tensor 
(in particular, it is /c-independent). We also comment on possible application of a similar 
approach to providing a sigma model interpretation to conformal theories based on more 
general solutions of the 'master equation' constructed in (it is clear that the 



dilaton field will in general be non-trivial as in the case of the coset models). 

Sees. 3, 4, 5 are devoted to the description of the field-theoretic approach to derivation 
of the sigma model couplings corresponding to G/H coset conformal theories. As a prepa- 
ration for the analysis of the gauged WZW theory case, in Sec. 3 we present the expression 
for the effective action in the ungauged WZW theory . We explicitly include the effect 
of field renormalisation which makes the effective action non-local. We compare our result 
{S{g) = kl{g) r((7) = {k + ^CG)I{g')) with other 'effective actions' in WZW theory 
which appeared in the literature ||2^[§^[^[^. In Sec. 3. 2 we generalise the analysis to 



the case of the = 1 supersymmetric WZW theory emphasising that there is no shift of k 
in the resulting effective action r{g) = kl{g') (the shifts of k due to fermionic and bosonic 
contributions cancel each other). 

In Sec.4.1 we consider the derivation of the effective action in the bosonic gauged WZW 
theory. The quantisation of gauged G/H WZW theory is based on representing the 
corresponding path integral in terms of the path integrals in ungauged WZW theories for 
the group and subgroup. This makes it possible to use the analysis of the ungauged WZW 
theory carried out in Sec. 3. We clarify the previous discussion in by pointing out 



that for the purpose of deriving the corresponding local sigma model action the non-local 
terms in F introduced by field renormalisations can be ignored. For the same reason, it 
is possible to ignore the non-local terms which are of cubic and higher order in the gauge 
potential. As a result, we obtain a 'truncated' effective action Ttrig, A) (4. 17), (4. 18) which 
is quadratic in but still non-local. We compare our approach with that of (where 
a dimensionally reduced d = 1 form of the effective action was used) explaining that while 

our 



the sigma model metric and dilaton we should get should be equivalent to that of 
direct approach makes possible also to compute the antisymmetric tensor coupling.! 

In analogy with the case of the ungauged super symmetric WZW theory (Sec. 3. 2) the 
derivation of the effective action in gauged supersymmetric WZW theory in Sec. 4. 2 can 
be effectively reduced to the discussion of the bosonic case. As in the bosonic case and the 
case of ungauged supersymmetric WZW theory our treatment of the gauged supersym- 
metric WZW theory is in correspondence with the results of the operator approach to the 
superconformal coset theory [|| ||2^ [|5| . We use manifestly supersymmetric approach which 



is parallel to the one of ref. in the bosonic case with the fields replaced by superfields 
(our approach is different from the previous path integral analysis of this theory in [p7| ). 
We find that up to the non-local corrections introduced by the field renormalisations the 
effective action of gauged supersymmetric WZW theory is equal to the classical action of 
the bosonic gauged WZW theory. We note that the absence of a shift of k is consistent 
with perturbation theory. As a consequence, the exact form in the corresponding sigma 
model will be the same as the 'semiclassical' form of the sigma model in the bosonic theory. 
This conclusion is in agreement with the one obtained in the operator approach in [0 (in 
the case of the SL(2, R)/U{1) supersymmetric theory) and in [jl5| (in the case of a general 
G/H supersymmetric theory). 



^ The general expression for the antisymmetric tensor coupling we shall get is equivalent to 
the expression already suggested in [14| using the analogy with the result for the metric. Ref. [14| 



contains also the derivation (without assuming the Id reduction) of the antisymmetric tensor in 
a particular case of the SL{2, R) x SO{l, 1)/50(1, 1) {D = 3 "black string") model. 



In Sec. 5 we start with the 'truncated' effective action of the gauged WZW theory and 
eliminate the gauge field (Sec. 5.1). The local part of the resulting action is then put in 
the sigma model form (Sec. 5. 2) and the corresponding metric, antisymmetric tensor and 
dilaton couplings are determined (the general form of the sigma model couplings we find 
is equivalent to the expressions presented in [jl^). The background fields are non-trivial 
functions of the parameter b = 2{k+^cG) ~ \^^h — CG)(y-' and describe a large class of 
conformal sigma models. In Sec. 5. 3 we put the metric into a more explicit form by making 
the key observation that as a consequence of the gauge invariance (before gauge fixing) 
the metric defined on the full group space has dimi7 null vectors. We represent the metric 
in terms of a particular basis orthogonal to the null vectors and compute its inverse and 
determinant. The metric can be considered as a deformation of a 'standard' invariant 
metric on the coset space G/H. 

Finally, in Sec. 6 we establish the equivalence between the results for the metric and 
dilaton found in the operator and field-theoretic approaches. In particular, we explicitly 
prove that dilaton and the metric found in Sec. 5 satisfy relation \/G e"^"^ = yG^ where 
G^*]] is the standard metric on G/H (and is /c-independent) . 

2. Operator Approach to Derivation of Background Geometry Corresponding 
to Coset Conformal Theories 

2.1. Basic ideas 

A possible strategy of determining the geometry corresponding to a given conformal 
theory is to try to interpret the Virasoro condition (Lq -f Lq — 2)F = on states as linear 
field equations in some background and to extract the expressions for the background fields 
from the explicit form of the differential operators involved. The marginal operators F of 
conformal theory serve as 'probes' of geometry, so that one may be able to determine the 
corresponding metric, etc. from their equations just as from geodesic equations or field 
equations in a curved space. 
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In order to implement this program one is to make a number of important assumptions. 
First, one should specify which configuration ('target') space M (with coordinates x^, /i = 
1, D) should be used, so that F will be parametrised by fields on M, and Lq acting on F 
will reduce to difi^erential operators on M. Next, one should understand how to represent 
the resulting equations in terms of background fields. The main assumption is that the 
conformal theory should correspond to a sigma model 

Wi?0(x) + T(x) + ...] . (2.1) 

If this assumption is true (for example, if a Lagrangian formulation of a conformal theory 
is known and the existence of a sigma model representation can be checked in the 'semi- 
classical' approximation) then the 'anomalous dimension operator', i.e. the derivative of 
the /?- functions at the conformal point (^)* should be equivalent to the 'Klein-Gordon' 
operator Lq -\- Lq for the corresponding marginal perturbations of conformal theory. One 
is thus to invoke the knowledge of the structure of the sigma model conformal anomaly 
coefficients ('/?- functions'), or the effective action which generates them 

S = j d^x^e-^'i>{l{D-2Q)-a'[R + A{d,cj>f-^^Hl^^] 

+ ^[a'(a^T)2-4T2] + ...}. (2.2) 

One should start with this background-independent action, linearise the corresponding 
equations near an arbitrary background, and compare them with the equations for the 
corresponding states in conformal theory. The equations for the tachyon, graviton, dilaton 
and the antisymmetric tensor perturbations (T, h = G — G^, <^ = — 0*, b = B — B^; 
in what follows we shall omit the superscript * indicating background fields) take the 
following symbolic form (a' = 1) 

(-A + 2G^''d^ct>d,)T - 4T + ... = , A = -^d^{VGG'"'d,) , (2.3) 

vG 

7 



(-A + 2G'"'d^(j)d^)h + Rh + Hdb + ... = , (2.4) 

(-A + 2G^''df,(Pd^)<f + Hdb + Rd^h + ... = , (2.5) 

{-A + 2G^''d^(Pd^)b + Hdh + ... = . (2.6) 

Given a second order differential equation which foUows from the Lo-condition for the 
lowest scalar 'tachyonic' state it should be possible to determine the corresponding back- 
ground metric and dilaton by looking at the coefficients of the terms which are second and 
first order in derivatives and comparing them with (2.3). To determine the antisymmetric 
tensor field strength one should compare the first-derivative terms in the equations for 
'massless' perturbations with the corresponding terms in (2. 4), (2. 5), (2. 6). 

It should be emphasised that if this approach works at all, its consistency should not 
be surprising. If the correspondence between a conformal sigma model and a conformal 
field theory exists in a given case, then solutions of the conformal invariance conditions that 
follow from (2.2) should represent a conformal point; their perturbations should correspond 
to marginal perturbations of a conformal theory, i.e. the equations for the latter must have 
the form of (2.3)-(2.6). 

2.2. SL{2,R)/U{1) model 

This 'operator' approach was used in [jl^ to determine the exact metric and dilaton 



backgrounds corresponding to the SL{2,R)/U{1) model (see also [|T^ for the supersym- 
metric case) and was later applied to more general G/H coset models in Related 
ideas were discussed in [^[^. Let us first briefly recall the argument from [l^]. The 



stress tensor of the model can be represented in the form 

- ^ -V^''jA{z)JB{z)-\{Mz)f 



where tjab is the metric on the Lie algebra oi SL(2,R). It is sufficient to consider only 
the zero modes. The equations for the physical scalar state (tachyon) T{g) = T(r, 6^, On) 
(r, 9l, 9r are coordinates on SL{2, R), g = e^^^^^e'i'^'^^ei^^"^) are 

(Lo + Lo-2)T = , (2.7) 



(Lo - Lo)T = 



(2.8) 



From the expressions for the zero modes of the left (and right) currents (we shall use the 
same notation J a for the zero modes of the currents Ja{z)) 

J± = e^'^^[— ±z(sinhr)"\— coshr-— )] , J3 ^ i- 



one finds that [ITD 



1 . 1 92 ^ 1 1 92 



Lq — —- -Ao — TTTTIT ' -^0 — -^0 — T 



A;-2~" kdel ' " k-2 " kdel ' 

Ao = -^-5- + cothr— — h(sinhr) ^(-—j — 2 coshr — h 



' dr ^ ' ^861 dORdOL d6%' 

so that (2.8) is satisfied if 

T = T{r,e) + f{r,e) , 6 = ^{eL-eR) , e = ^{9L + 9R) . 

Restricting Lq to T(r, 9) we get 

■ TT^ + cothr— + (coth 



k-2^dr'^ dr ^ 2 k' 89^ ' 

As a result, eq.(2.7) can be represented as a covariant Laplace equation 

2(Lo - l)T(r, 9) = [ ±^d^{e-^'^VGG^''d,) - 2]T = , (2.9) 

where x'^ — (r, 9) and 

1 4tanh2 - 

G^^dx'^dx-' = -{k - 2)[dr^ + f{r)d9^] , /(r) = ^ , (2.10) 

^ 1 — |tanh ^ 

1 1 

(j) = (j)o In sinh r + - In /(r) . (2-11) 

2 4 



The metric (2.10) can be rewritten also as follows 



G^^dx^'dx" = -{k - 2)[dr^ + e^('^-'^o)sinhVrf6'2] . 



Hence the deformation of the metric from the canonical metric on the homogeneous space 
SL{2, R)/U{1) (or the standard metric on S"^ in the case of the SU{2)/U{1) model where 
r = i(p) can be attributed to the presence of a non-constant dilaton background. One can 
also give an opposite interpretation: the fact that the metric which is extracted from the 
Lo-operator of conformal theory turns out to be different from the invariant metric on the 
coset space implies the presence of a non-constant dilaton background. Note also that the 
"measure" combination 

^/G e-'^^ = a sinh r , a = ^e"^"^" {k - 2) = const 

is proportional to the canonical measure on the coset and thus is essentially independent of 
k (one can make a = 1 by an appropriate choice of the constant (po). All these observations 
are not accidental and will be given a systematic explanation below. 

The leading-order form of the expansion of the metric (2.10) and the dilaton (2.11) in 
powers of 1/k solves the one-loop Weyl invariance conditions for the corresponding D = 2 
sigma model [^0. To satisfy the "beta- function" equations at higher loop orders one 
must include corrections to the metric and the dilaton which (up to a field redefinition) are 
in a agreement with the exact representation (2. 10), (2. 11) as was checked up to three- and 



four-loop orders in [jTT| and [0. A similar argument in the case of supersymmetric model 
(where 1/(A; — 2) in T^^ is replaced by l//c and thus there is no 2/k term in the brackets 
in Lq) shows that there are no l//c corrections to the leading-order metric and the dilaton 



of the bosonic Euclidean black-hole background [|T2[ [T^] (this is again consistent with the 



sigma model perturbation theory up to five loops jT^). 

2.3. General expressions for the metric and dilaton in the case of afftne-Virasoro con- 
struction 

It is straightforward to give a formal generalisation of the above analysis to the case of 
an arbitrary G/H coset model (see |]15[| [0). Let Ta = {Ta, T^) be the generators of G where 
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Ta are the generators oi H [A = 1, Dq; a = 1, Dh] ^ = 1, D; D = Dq — Dh)- 
Let us consider again the equations (2. 7), (2. 8) for the lowest level physical if-invariant 
scalar state T[x^), where {fj, = 1, ...,-D) are coordinates on G/H [D combinations of 
coordinates on G which are invariant under H). Now the zero mode part of Lq is given 

byB 

where 

fACD fB _ ^ AB nacd rb _ ^ ab 

and and Jq are the zero modes of the (left) currents corresponding to the group and 
the subgroup. Representing the currents in terms of differential operators 

Ja = ET{x)^, Ja=E^{x). ^ 



and considering only ii/"-invariant states, i.e. ( Ja — Ja)T = , we can identify Lq — 1 acting 
on T[x^) with the covariant Laplace operator (2.9). Then the background metric and the 
dilaton are determined by (we restrict all the fields to depend on x^ only) 

G^^ = -{-^^E^^E''^-—^E'^^^E:) , (2.12) 
k + ^cq k + ^ch 

d. In (VG e-^f) = -G,A—^E^'dxE^^ - ^^iJ-^a.K) • 

k + ^CG k + ^ch 

This metric and the dilaton were computed explicitly for a number of models (in particular, 
for SO{D — 1, 2)/SO{D — 1, 1) with D = 3,4) in []T3[| and it was observed that as in the 



D — 2 case the combination ^/G e~'^'^ is fc-independent. 

One is naturally led to the following questions: why is the resulting metric different 
from the standard G-invariant metric on G/H, why do we get a non-constant dilaton and 
why is a/G e"^"^ /c-independent? These questions turn out to be closely related. Our 
approach is partly inspired by the discussion [|18[ of the analogy between the structure of 



Hamiltonians of quasi-exactly-solvable (QES) quantum-mechanical systems [|T9[ and that 
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of the stress tensor of conformal theories based on affine-Virasoro construction [20|[18 . 
Given a compact finite-dimensional (simple) Lie group G and a set of its generators J^, 
the Hamiltonian of the QES system can be put in the form (we shall ignore possible terms 
which are linear in J a) 

n = C^^JAJB , (2.13) 

where Cab is a constant symmetric matrix. At the same time, the holomorphic stress tensor 
of a conformal theory based on generalised Sugawara construction [^|jl^ is represented 
by 

T,,=C^''Ja{z)Jb{z) , (2.14) 

where J^{z) are the generators of an affine (Kac-Moody) algebra determined by the struc- 
ture constants f^^Q and the Killing metric tjab of G (with the central term proportional 
to kab = krjAB)- The condition that T^z should satisfy the Virasoro algebra imposes a 
'master equation' on C^^ ||2^ [|18 



C^^ = 2C^^KcnC^^ - C^^'C^^f^KfEL - (2-15) 

(the central charge of the Virasoro algebra is C = 2kabC^^). The standard Sugawara- 
GKO solution of (2.15) is 

= r-^^^^ - Ti^vr , (2.16) 

where rj^^ denotes the projector on the Lie algebra of H. 

As is clear from the above discussion, the background metric corresponding to a 
conformal theory based on the stress tensor (2.14) can be determined by looking only at 
the zero mode part of (2.14), i.e. at its 'dimensionally reduced' analogue (2.13). As was 
discussed in [jl^ , if the generators J a of G can be realised as vector fields on a manifold 
M (which will play the role of a configuration space of a quantum mechanical system) and 
are anti-Hermitian with respect to a scalar product defined by some metric G^o) on M then 
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the operator (2.13) reduces to a covariant Laplacian on M with the metric determined by 
C"^^ and and an extra scalar field (the scalar field term can be traded for a potential 
by a phase transformation). In the case when the Hamiltonian (2.13) originates from a 
conformal theory C^^ is not arbitrary but is a solution of the 'master equation' (2.15). 
Also, the choice of the configuration space M is implicitly dictated by the conformal theory. 

In general, unless we consider particular solutions of (2.15) which may have non-trivial 
extra symmetries (commuting operators) , the only natural choice for a configuration space 
is the group space G itself. Representing the zero modes of the currents J'^iz) and J'^iz) 
as differential operators on G (with coordinates x^) 

Ja = Ef{x)dM , Ja = E^{x)dM , (2.17) 
Gqmn = VabEmE^ = tjabEmE^ , (2.18) 
[Ja, Jb] = I^bJc , [Ja, Jb] = IEaJc , [Ja, Jb]=0, (2.19) 

{E^ and E^ are the left-invariant and right-invariant vielbeins on G; indices are raised 
and lowered with tjab and Gqmn) we get from the zero mode part of {Lq + Lq — 2)F = 
the following equation for the lowest scalar state T{x) 

[-(G^^'dMdN + G'^dN) - 2]T{x) = , (2.20) 
^MN ^ _^^AB^^M^N ^ ^M^N^ ^ ^ Ac^b^^Mq^^n ^ e^QmE^) • (2.21) 

Eq.(2.20) becomes equivalent to the sigma model equation (2.3) if there exists a scalar (f) 
such that 

In fact, such can be found explicitly by using the obvious properties of or, equiv- 
alently, by observing that that since J"^ and J^ are anti-Hermitian with respect to the 
invariant scalar product on the group defined by Gqmn, {f,g) — J d^xy/Gof*{x)g{x). 
One has 

QmEa = —Ea Qm In s/Gq , E^OmE^ = —E^OmE^ , 
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As a consequence, 




G 



I.e. 



v^e-2^ 




(2.22) 



The 'measure factor' in (2.22) is thus universal, i.e. is independent of C . To understand 
a simple origin of this result one should compare the term in the effective action (2.2) 
leading to (2.3) 



and use the antihermiticity of the currents with respect to the left-right symmetric measure 
defined by Gq. The dilaton's role is to compensate for the fact that the two scalar products 
have different measures. 

The dilaton field is non-trivial because in general the metric Gmn is not equal to 
the canonical Killing metric Gqmn on G.i The dilaton is constant only in the simplest 
case of the standard Sugawara solution C^^ ~ t)"^^ corresponding to the group G. A 
'deformation' of the metric is directly related to the non-triviality of C^^ which is dictated 
by the conformal invariance (Virasoro) condition (2.15). If there exists the corresponding 
Lorentz-invariant sigma model it should also contain the antisymmetric tensor coupling.!. 

^ Note that the determinant of G^^^ in (2.21) can not be factorised into the product of the 
determinant of C"^^ and the rest because is different from . 

^ For an attempt to construct a field-theoretic realisation of the afSne- Virasoro construction 
see pO| , where, in particular, the presence of the antisymmetric tensor coupling was pointed out. 
One may expect that it may be possible to reinterpret the 'master equation' (2.15) as the (one- 
loop) Weyl invariance condition Rmn + 2DmDn4' = for the metric Gmn, antisymmetric tensor 
and the dilaton (the operator product relation from which (2.16) is derived probably corresponds 
to using (a non-local) renormalisation scheme in which only a one-loop contribution is present 
in the sigma model Weyl anomaly coefficients; the condition of Weyl invariance at higher loop 
orders will be automatically satisfied as a consequence of the 1-loop relation and the Kac-Moody 
algebra). This is to be compared with the approach of where (2.16) was interpreted as an 
Einstein-like equation on the group space but the dilaton was not introduced. 




with the 'expectation value' of the zero-mode 'Hamiltonian' 
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There seems to emerge an interesting connection between algebraic and geometric 
aspects of such conformal theories (and corresponding string solutions). The geometry is 
determined by a choice of the group and a choice of a particular solution of the 'master 
equation'. The question about a relation between group-theoretic and geometric aspects 
of a similar construction was raised independently in the quantum mechanical context in 



|]T^ and in |3y]. Now we see that once the condition of conformal invariance is satisfied, 
the geometry which appears is that of the corresponding string solutions described by 
conformal sigma models. 

2.4- Explicit expressions for the (inverse) metric and dilaton in the case of the G/H coset 
conformal theory 

Let us now return to the G/H case, i.e. specialise the general expressions (2. 21), (2. 22) 
to the solution of (2.15) corresponding to the G/H coset conformal theory with given 
by (2.17). Here the main assumption of an existence of the sigma model description is 
satisfied in view of the existence of the Lagrangian formulation in terms of gauged WZW 
models (this assumption can be checked explicitly, e.g., in the semiclassical approximation). 
In this case there is an extra symmetry which makes it possible to subject the states to 
the 'if-invariance' condition ( — Ja)F = 0. In particular, 

{Ja-Ja)T = 0, Z^dMT = 0, Z^^E^-E^. (2.23) 

As a result, T can be restricted to depend only on D = Dq — Dh coordinates of the coset 
space G/H which will thus play the role of the configuration space of the corresponding 
sigma model. The presence of the constraint (2.23) implies that the metric we will get 
from (2. 20), (2. 21) will be a 'projected' one. Let us define the projection operator on the 
subspace orthogonal (with respect to Gqmn) to 

n]^ = 5^, - z^izzy^'^'ZMb , {zzu = GomnZ^z^ , = n . (2.24) 
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Then 

^MN ^ n^G^^nf , = l^rfE^E^ , (2.25) 

^MN ^ l^(£;M^AiV _ ^£;M^a7V) ^ l^[£;M^iiV _ _ i)^M^a7V] ^ (2.26) 

/c + k + ^cg 

,-1 = ^^-^ (2.27) 

We have spht the indices A = {a,i), i = !,...,£) on the indices corresponding to the 
subalgebra and the indices corresponding to the tangent space to G/H. If one solves (2.23) 
exphcitly, replacing by the coset space coordinates x^^, which are some D invariant 
combinations of x^ such that 

Z^H^^ = 0, H^M = ^, (2.28) 
then the metric (2.25) takes the form 



/OUI/ TT/J, /^MN TTV TT/J, /^MN TTV 

G^^ = -^^{E^^E^^ - T^^'^-K) , E'X ^ H^E^. (2.29) 
k+ ^cg 

In the simplest case H'^ = 5^. More generally, one can choose any set of vectors H'^ 
which are orthogonal to . As a result, we will get again eqs. (2.20)-(2.22) with the 
tensor indices M, N, restricted to G/H, i.e. replaced by v, .... Since in the present 
case (under the constraint (2.23)) the operators Ja are anti-Hermitian with respect to the 
invariant metric on the coset 

G'^^} = V,,ElEi , (2.30) 

we find as in (2.22) 



*=5lnVc^. (2.31) 
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Similar expression for the scalar (j) was given in where (f) was interpreted in as an 'imag- 
inary phase' since one can replace the scalar term G^^d^(f)di, by a potential, performing a 
similarity transformation.0 

The above expressions (2.29)-(2.31) lead us again to the following conclusions: 

1. the metric G^jj is different from the standard G-invariant metric G^^}, on G/H 
because the matrix C"^^, in general, is different from the Killing metric rj^^ of G; 

2. the presence of a non-trivial dilaton is a consequence of G^,^ 7^ G^*]], i.e. of 



3. \/G e ^'^ is equal to the G-invariant measure factor VG(o) on M = G/H and 
thus automatically does not depend on C^^ . In particular, it does not depend on the 
parameter k of the coset conformal theory (2.17). This provides a simple explanation of 
the fact of /c-independence of ^/G e~'^^ anticipated (on the basis of explicit examples and 
path integral measure considerations) in [ 1^ . 



It should certainly be possible to compute also the antisymmetric tensor background 
by comparing the equation for a massless (1, 1) state with (2.4)-(2.6). We shall find the 
antisymmetric tensor and also reproduce the expressions for the metric (2.29) and the 
dilaton (2.31) in Sees. 5, 6 by using the direct field-theoretical approach starting with the 
gauged WZW theory (which provides a Lagrangian formulation of the coset conformal 
theory). 



^ It was assumed in jl8[ j that the generators J a can be realised as vector fields on the homo- 
geneous space M = G / H . In the context of quantum mechanical applications, the choice of H 
need not be related to the choice of C^^ . However, from the point of view of determining the 
geometrical background corresponding to a coset conformal field theory the possibility to realise 
the generators J a as vector fields on G/H is related to the fact that it is sufiicient to restrict 
consideration to i?-invariant states. A one-dimensional quantum mechanical system with the 
configuration space M can be considered at the same time as a dimensional reduction of a 2d 
sigma model corresponding to the conformal theory. 

^ Then H = e'^'H'e"'^, H' = -/\ + V, V = G"" df,cj)d^(p - . It is interesting to note that 
when Gf^i, and (f) satisfy the sigma model Weyl invariance conditions the leading order term in the 
potential V is equal to ^i? (plus a constant central charge deficit). 
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Let us mention that one can also use the operator approach to determine the back- 
ground geometry in the case of superconformal coset models. For example, one can give a 
sigma model interpretation to the N = 2 Kazama-Suzuki models based on Kahler G/H 
spaces. The corresponding metrics will be different from the invariant Kahler metrics on 
G/H and the dilaton will be non-trivial (see [p!5|). 

It is clear, at the same time, that the operator approach has a number of obvious 
shortcomings. It is indirect and based on a number of implicit assumptions. // a given 
conformal theory admits a Lagrangian formulation (and there exists a weak coupling limit) 
then it should be possible to derive the corresponding exact sigma model action using field- 
theoretical methods. This will be demonstrated below for the case of G/H model. 



3. Effective Action in WZW Theory 

3.1. Bosonic WZW theory 

Below we shall first review the argument which leads to the expression for the ef- 
fective action in WZW theory suggested in [IT^ and then comment on relations to other 



approaches. Up to a field renormalisation, our effective action is essentially equal to the 
classical WZW action with the shifted /c, k ^ k + ^cq (cg = the eigenvalue of the second 
Casimir operator in the adjoint representation). From one point of view, the shift is re- 
lated to the Legendre transformation involved; from another, it is a one-loop phenomenon 
originating from a determinant (cf. p^j p3[1). 

The WZW theory H [|5| is defined by the action 



S = kl{g) , I^l-Jd^zTv {dg-'Bg) + ^ J dh Tr {g-'dgf . (3.1) 

As it is easy to see, using the Polyakov-Wiegmann identity [^, 

I{ab) = I{a) + I{b) - ^ J d^z Tr (a'^da dhh'^) , (3.2) 
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the generating functional W{B) of the correlators of the currents 



-W(B) 



[dg] e 



-Sig)+Bj(g) 



Bj{g) = - I d'zTr{BJ) , J = dgg' 

TV 



is given by 



W{B) = ~kl{u) 



B = u ^du . 



(3.3) 



(3.4) 



(3.5) 



W does not receive quantum corrections being equal to the classical action evaluated on 
the classical solution depending on B 

We would like to determine the quantum effective action F for the original chiral field 



g itself. As discussed in ||T3] it can be represented as a 'quantum' Legendre transform of 
W{B) 



-r(s) 



J [dB] e-w^(^)+s^^(3) = J [dg'] S[J{g') - J{g)] . (3.6) 

To compute (3.6) we change the variable from B = u~^du to u and define the resulting 
Jacobian in the left-right symmetric way as the square root of the non-chiral determinant 



det (a + [S, ]) det {d + [S, ]) = exp [cgI{v-^u)] det d det d 



(3.7) 



with S = 0, i.e. 



B — u du , B — V dv 



.1 



[dB] = [du] "det(a+ [S, ])" = [du] exp[^CG/(w)] (detdd)^/'^ 



(3.^ 



The extra \ in front of cq in (3.8) which is absent in the standard expression for the chiral 
determinant is very important, being a way of implementing the left-right symmetry of 
the theory. It is necessary in order to get the correct shift of k in the final expression for 
the effective action. We find 



e-^^^) = iV y [du] exp {{k + \cg)1{u) ^ B{u)j{g)] 



(3.9) 
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This integral is computed by the same method as (3.3), i.e. by using the 'non-abehan 
generaUsation of the gaussian integral' (see (3. 2), (3. 4), (3. 5)) and we get 

n9) = {k+]^CG)I{g') , (3.10) 

where the field renormalization is understood in the following sense 

dg'g'-' = —^dgg-\ (3.11) 
k + 

Eq.(3.11) corresponds to the renormalisation of the current kJ = {k + ^cg)J'. 

This action has the right symmetries (conformal and chiral G x G invariance) one 
would like to preserve at the quantum leveli Note that because of the field renormalisation 
(3.11) the effective action becomes non-local when expressed in terms of the original field 
g. Using the parametrisation dgg~^ = TAE-^{x)dx^ {Ta are the generators of G) one 
can solve (3.11) within the 1/k - expansion, 



/M M I \^ 1 Mr \ 



n=l 

The corrections contain inverse powers of differential operators, i.e. are non-local 
functionals of x^"^ {z). For example. 

The functional T{g) (3.6) should be equivalent to the standard generating functional 
of 1-PI correlators of the field g itself. Although this is not obvious, the resulting action 
(3.10) is perfectly consistent with the presence of the shifted k in the quantum equations 
of motion and the stress tensor in the operator approach to WZW model as conformal 
theory 



{k + ]^CG)dg{z, z) = ■ JA{z)g{z, -z)T^ : , {k + ]^CG)dg{z, z) = : JA{z)T^g{z, z) 



It may be possible to prove that these symmetries fix F uniquely up to the two {k- and 
current-) renormalisation constants using, e.g., the 'quantum action principle' and BRST coho- 



mology method, cf. |39]. 
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T,, = , ,\ ry-^^ : Ja{z)Jb{z) : • 

The action (3.10) can be considered as a 'classical' representation of these quantum rela- 
tions with the normal ordering suppressed.i 

Alternatively, one may start with the assumption that the effective action T{g) in 
the WZW theory must satisfy conformal and chiral G x G invariance conditions. Then 
a natural (and probably unique) choice for such F is the classical action itself, up to the 
renormalisations of k and the current, T{g) = k'I{g'), dg'g'~^ = Zdgg~^. Correspondence 
with the c.f.t. approach then fixes k' = k + \cg (and probably fixes also Z = jrft^)- A 
possibility to find an exact expression for the effective action of the WZW theory should 
not be surprising, given its solubility in the operator approach. 

Computed on a curved 2d background the quantum effective action contains also the 
usual Weyl anomaly term (see e.g. [|32|)B 

r_.W = -^/«A-.«, C = ^. (3.12) 



As is well known [^, the WZW action (3.1) can also be represented as a non-local func- 
tional of the current 

I{g) = iv{J), J = g-^dg, (3.13) 



n=0 

= -llihT.{ljp-ljllj,p]^...}, (3.14) 



^ Note that the background value of the stress tensor should be given by the variation of the 
effective action over the 2d metric. As follows from (3. 10), (3. 11), Tzz = {k + \cG){dg' g'^^Y — 
-^^^^-^ (kdgg^^)^ . The field renormalisation in (3.10) is actually a renormalisation of the currents, 

equivalent to the one in the quantum equations of motion. 

There is no extra term which is a non-trivial functional of both g and the 2d metric jrnn 
since the vanishing of the /3-function of the WZW model implies that the operator of the trace of 
the stress tensor is proportional to CR. 
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I{g)=Q{J), J = dgg-\ (3.15) 
u(J) = / (fz Tr {jy ([^J, ])" V} 

- /" (i^z Tr {-J^J + ?J] + ...} . (3.16) 

This suggests an alternative way of computing the path integral (3.6). Changing first the 
quantum variable from g' to J' and taking into account the contribution of the Jacobian 
as in (3. 8), (3. 9) we get 

e-r(^^) = I [df] exp{-{k + ^cg)cc;( J')} S[J' - J{g)] . (3.17) 

The formal use of the 5-function gives 

= {k + IcgMJ) = {k+ ^CG)I{g) , (3.18) 

i.e. we reproduce (3.10) but without a field renormalisation. The reason for an ap- 
parent paradox is that a regularisation prescription implicit in the formalism based on 
eqs. (3. 2), (3. 7) ||3^[^[0 is consistent with the formal 5-function identities for the com- 
posite currents only if an extra field renormalisation is included (see in this connection 
4^[^[^). A related paradox is found if one differentiates (3.6) over the 2-metric. Since 
the classical stress tensor T is proportional to ^ J^, naively using the 5- function identity 
one finds the same expression (with unshifted k) for the derivative of F. The correct of the 
5-function identity in the present context is: < F[J{g')]S[J{g') — J{g)] >= F[ZJ{g)], Z = 



7—4 — . As we noted already, such an identity is try only under a particular choice of the 
regularisation scheme. 

Maintaining equivalence between the local field theory and operator conformal theory 
results is rather subtle and depends on a choice of a particular regularisation prescription 
(which should correspond to a normal ordering prescription in c.f.t.). As in the case of 
the 3d Chern-Simons theory the one-loop shift of k in the effective action may happen 
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in one regularisation and not happen in another one (see e.g. [^^). The absence of a 
renormahsation of k in the standard Legendre transform of the generating functional for 
correlators of currents (which does not receive loop corrections ||3^) and its presence in the 
'quantum' Legendre transform (34) seems related to an observation that similar 'quan- 
tum' Legendre transform in S'L(2, R) Chern-Simons theory relates two representations (in 
terms of afiine and Virasoro conformal blocks) with 'bare' and renormalised values of k. 

Let us now compare (3.10) with other 'effective actions' in WZW theory which ap- 
peared in the literature. Similar effective actions were recently discussed in the context of 
'induced' gauge theory (and 2d gravity) [^[|4^[^[^. Since the fermionic determinants 



in a background gauge field are expressed in terms of uj{A) or Co (A) (with the coefficient 
—k, cf.(3.7)) one can take the 'induced' action S{A) = —ku!{A) as a classical action and 
find the corresponding quantum effective action for A. Introducing the source J for A one 
can compute the generating functional W{J) by integrating exp{—S{A) + J A) over A (cf. 
(3.3)). Using (3.2) and the standard expression for the determinant (3.8) (without ^ 
in front of cq) one obtains: W{ J) = —{k + cg)I{u), J = —{k + CG)duu~^ . If the effective 
action S,„(A) is defined a. the Legendre tranrform of W(J), thenE 

S,,f(A)^ -(k + coMA) . (3.19) 



To have a consistency with the one-loop perturbative computation of Seff |22|][^ one 



needs also to include a field renormahsation factor so that the conjecture for the exact 
form of the effective action reads [03 



S,ff{A) = -{k + CG)oo{ZA) , Z = l-^ + 0{^) . (3.19') 

A non-trivial expression for Z reflects a choice of a specific regularisation prescription 
made in perturbative computations (see also the above remarks concerning (3.18)). It is 



In general, the Legendre transform of the functional Ty(^) = a(j{bA) = al{g), bA = g ^dg 
is given by W{B) = au{bA) - ^ J (fzBA = -au}{cB) = -al{u) , cB = Buu'^ , c = (a6)"^ 
(the coefficients are easily checked in the abelian case). 
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not clear, however, that this choice is consistent with the conformal field theory approach 
since straightforward application of the Polyakov-Wiegmann identity and the expression 
for the chiral determinant (which is derived using Ward identity) gives (3.19) with 
Z = \. 

The expression (3.19), though similar to our action (3. 10), (3. 11) in structure, is differ- 
ent in two respects. The minus sign in (3.19) is due to the fact that one has started with 
the induced WZW action (with coefficient —k\ The factor of | difference in the shifts of 
k in the overall coefficients in (3.10) and in (3.19) is related to the fact that (3.10) is an 
effective action (in the left-right symmetric WZW theory) for the field g itself (cf.(3.6)) 
while (3.19) was derived using the "chiral" field A as the main quantum variable. 

One may also draw an analogy between the quantum effective action (3.10) and the 
free field action which was suggested in [^5|] as a basis for the free field formulation of the 
WZW conformal theory. Using the Gauss decomposition in upper triangular, diagonal and 
lower triangular matrices g = gu{'^)9D{'^)gL{x) to parametrise g in terms of the fields Xa 
and ifjct (labelled by all positive roots a of the algebra of G) and the field (pn (taking values 
in the Cartan torus, n = 1, r; r = rank G) one finds for the classical action (3.1) ||2^ 



S=^j d^z[Tr {dg^'dgD) + 2Tr {J'dgLgZ')] , J' 0^. ^) ^ {gu9D)-'d{gugD) ■ 
Introducing instead of i/'q the new field such that 

k Tr [J'ii^,V>){dgLgL-')ix)] = WJxo. , (3.20) 



one can represent (3.12) in the form p5 



S = - f d^z{WJxa - \kdipJiPn) ■ (3.21) 



The change of variables ipa. Wa = YJ^{xt^, 11^)01^13 is accompanied by a Jacobian. The 
latter should be defined in such a way that the resulting free theory is consistent with 
the operator approach to WZW conformal model based the affine algebra and Sugawara 
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representation. In particular, the Jacobian should depend only on 99^ and the 2d metric 7 
||25|| . Its logarithm contains three terms: CGd(fridfn (which leads to a shift of the value of 
the coefficient k in (3.21)); pn^p^R {Pn = one half of the sum of all positive roots); and a 
pure Weyl anomaly term. The final 'quantum WZW action' on a curved 2d background 
then takes the form (in the conformal gauge) [|2^ 



If - 1 1 - 1 

- / ^ ■ (^-^^^ 

The shift of k in (3.22) is the same as in (3.10) (one can of course rescale to make the 
shifted k appearing in front of the whole action) and, as in (3.10), originates from a 1-loop 
determinant. Note that the fields in (3.15) are still quantum; in particular, they need to 
be integrated out to get the correct central charge term (3.12) p5| : 



_ 1, , 12p2 1 kDc 



2 k+ \cg 2 /c + \cg 

The background values of the fields Wa^Xa^^n should correspond to the argument g of 
the effective action (3.10). 

3.2. Super symmetric WZW theory 

Computation of the effective action in supersymmetric WZW theory can be reduced to 
that in the bosonic WZW theory by observing ||4^] that by a formal field redefinition 



the action of the supersymmetric WZW theory can be represented as a sum of the bosonic 
WZW action and the action of the free Majorana fermions in the adjoint representation 
of the group G. As was noted in [Q[^|j2^, the transformation of fermions which is 
needed to decouple them from g is chiral (the interaction term is ipil + 'j5)'J°'dagg~^i(j) 
and therefore produces a non-trivial Jacobian. The logarithm of the fermionic determinant 
gives a contribution proportional to the bosonic WZW action. The net result is the shift 
of the coefficient k in the bosonic part of the action |4^] : 



kl{g, ij) -> kl{g) + /o(7A) , k = k-^CG. (3.23) 
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This gives, in particular, the foUowing expression for the central charge |26[| [27 

Csusy = C{k) + \dg = ^-^Dg + \dg = {\- '^)Dg , (3.24) 

implying that the central charge contains only the leading -^-correction (i.e. the two-loop 
correction in the perturbative expansion). The expression (3.24) is consistent with the 
absence of the 3- and 4-loop corrections to the dilatonic /3-function in the corresponding 
sigma model [|5D|. 



Note that though the question about the shift of k in (3.23) may look ambiguous, the 
correct choice is actually fixed by the condition of correspondence with the perturbation 
theory. Had one started with the often-used component form of the supersymmetric WZW 
action in which bosons and fermions are decoupled from the very beginning, one would get 
no shift of k in (3.23). A prescription in which there is no shift of k (and hence the central 
charge, is given by the naive expression Csusy = C{G, k) -\- \Dg containing terms of 



all orders in 1/k) is inconsistent with the standard renormalisation scheme employed in 
perturbative sigma model computations (such a prescription is effectively non-local when 
considered from the sigma model point of view).lllll The quantum equivalence of the 



supersymmetric WZW theory to the bosonic WZW theory and the set of free fermions 
was proved also at the level of the full conformal field theory in the operator approach 
|26| j (in particular, it was shown that, in agreement with (3. 23), (3. 24), the super Kac- 
Moody algebra with the central parameter k reduces to the direct product of the bosonic 
Kac-Moody algebra with the parameter k = k — ^cg and the free fermionic algebra). 



As discussed in [50|, a consistency of the shift of k in (3.23) and hence of (3.24) with 
expectations about higher loop (L > 5) corrections to the dilaton /3-function presumably relies on 
a choice of a specific regularisation scheme (in which a version of the Adler-Bardeen theorem is 
true) . 

The shift of A; is a direct consequence of a manifestly supersymmetric approach. Once one 
makes a chiral rotation to decouple fermions from bosons, the new supersymmetric transformation 
laws will involve 75 and probably will be anomalous at higher loop orders. 
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To find the (bosonic part of tlie ) effective action corresponding to tlie supersymmetric 
WZW tfieory one needs to repeat tlie argument wliicli led to the expression (3. 10), (3. 11) 
for the effective action in the bosonic WZW theory. Instead of (3.3) we get 

e-^(^)= J[dg][d^] exp{-kI{g,i;)+Bjig)} 

= N j [dg] exp{-(fc - \cG)I{g) + i?j(^)} • (3.25) 

Though the source term in (3.25) contains the original unshifted parameter k this does not 
matter at the end since B is integrated out in F (3.6). As a result, the effective action in the 
supersymmetric WZW theory is obtained by replacing khy k = k — |cg in (3. 10), (3. 11), 

r(^7) = kl{g') , (3.26) 

dg'g'-^ = (1 - ^^)dgg-\ (3.27) 

i.e. it is equal to the classical WZW action with unshifted k. The shift of /c in F produced 
by integrating out fermions in (3.25) is exactly cancelled out by the contribution of the 
bosonic determinant (3.8) in (3.9). Note also that the field renormalisation relation (3.27) 
contains only a one-loop correction. 



4. Effective Action in gauged WZW Theory 

4.1. Bosonic gauged WZW theory 

In this section we shall first consider a derivation of the effective action in the bosonic 
gauged WZW theory (clarifying the discussion in |]T^) and then generalise it to the super- 
symmetric gauged WZW theory case. The quantisation of the gauged G/ H WZW theory 
Q is based on representing the corresponding path integral in terms of path integrals in 
ungauged WZW theories for the group and the subgroup. That makes it possible to use 
the analysis of the ungauged WZW theory carried out in the previous section. 
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The classical gauged WZW action 



I{g, A) = I{g) + ^jd^zTr {-A dgg-^ + A g-^dg + g-^AgA - AA) 



Io{g,A)-- I d^zTv (AA) (4.1) 



n 

is invariant under the standard vector H - gauge transformations {A, A take values in the 
algebra of H) 

g^u~^gu, A ^ u"^ {A -\- d)u , A [A -{- d)u , u = u{z,z). 

The two terms in (4.1) Iq and J Tr {AA) are separately invariant under the holomorphic 
vector gauge transformations g u~^{z)gu{z). 

Parametrising A and A in terms of h and h which take values in H and transform as 
h — > u~^h , h —>■ u~^h, 

A = hdh-^ , A = hdh-^ , (4.2) 

one can use the Polyakov-Wiegmann identity (3.2) to represent the gauged action as the 
difference of the two gauge-invariant terms: the ungauged WZW actions corresponding to 
the group G and subgroup H, 

I{g,A) = I{h-^gh)-I{h-^h) . (4.3) 

Since 

I{h-^gh)=lQ{g^A)+I{h-^)+I{h) , I{h-^h) = ^ j d^z Tr {AA)+ I {h~^)+ I (h) , 

the non-local terms I{h~^) +I{h) cancel out in the classical action (4.3) (but will survive in 
the effective one since the coefficients of the two terms in (4.3) will get different quantum 
corrections). Changing the variables in the path integral 

Z = J [dg] [dA] [dA] e-^^i9^^) (4.4) 
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and using the expression (3.7) for the non-chiral determinant |36[| [37| [38|, 



det {d + [A, ]) det {d + [A, ]) = exp [cnHh-^h)] det d det d , (4.5) 



we get 



Z = N J [dg][dh][dh] exp [~kl{h~^gh) + (/c + CH)I{h~^h)] 

= N' j [d~g\[dh] eM-kI{9) - {-k - ch)/(M] , (4.6) 

g = h~^gh , h = h^^h , 

where a gauge fixing was assumed (A^' is proportional to the product of Dh free scalar 
determinants originating from the Jacobian of the change of variables) . One concludes 
that kl{g, A) can be quantised as the 'product' of the two WZW theories for the groups G 
and H with the levels k and —{k + cn), or, equivalently, as the 'ratio' Gk/Hk of the WZW 
theories with the equal levels k. This is clear, for example, from the resulting expression 
for central charge [3,4] 

C{G/H) = C{G, k) + C{H, -k - ch) - 2Dh = C{G, k) - C{H, k) , (4.7) 

C(G, k) ^ , 
k + ^CQ 

where —2Dh corresponds to the contribution of the free determinants in A^. 

One possible approach to derivation of the effective action in the gauge theory (4.4) 
is to introduce sources for all fields {g, A, A) and to use the background field method. 
However, we prefer to couple sources only to gauge-invariant combinations of fields g and 
h in (4.7). Then the problem is reduced to computation of the effective actions in the 
two decoupled ungauged WZW theories. According to our discussion in Sec. 3 to find the 
effective action of the WZW theory for group G one is to replace its parameter k by k + ^cc 
and to renormalise the field (see (3. 10), (3. 11)). This implies that the effective action in 
the gauged WZW theory is given by (note that — (/c + ch) + \ch = —{k + \ch)) 

r(<7, A) = {k+ \cG)I{g') -{k+ lcH)I{h') , (4.8) 
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d~g'~9'-' = —^9g~g-' , dh'h'-' = ^±^dhh-\ (4.9) 
k + ^cc k + ^ch 

As in the ungauged case, the structure of the effective action (4.8) is in a natural cor- 
respondence with that of the stress tensor in the conformal field theory approach 

T — 1 • 72 . _ 1 . 7-2 . 
J-zz - fcipr^ ■ Jg ■ ■ -^H ■ ■ 

The field renormalisations (4.9) complicate the problem of representing the action 
(4.8) in terms of the original fields g, A and A. However, as explained in the Introduction, 
for the purpose of finding a sigma model which corresponds to the gauged WZW theory 
it is sufficient to consider only the local part of the effective action (4.8). In what follows 
we shall drop out various non-local parts of (4.8) in several stages. First, we shall ignore 
the field renormalisations (4.9) (since they introduce additional non-localities, see Sec. 3), 
i.e. we shall replace (4.8) by the following action (which is gauge-invariant and, in general, 
still non-local) 

T'{g, A) = {k + lcG)I{~g) ~{k+ lcH)I{h) ■ (4.10) 



Using (4. 2), (4. 3), (4. 7) we can represent (4.10) in terms of g and the gauge field 



T'ig, A) = ik+ ^cg)/(^7, A) + ^(CG - chMA) ■ (4-11) 
Here Q{A) is a non-local gauge invariant functional of A and A, 

n{A) = I{h-^h)=u{A)+u{-A) + ^jd^zTr{AA) , (4.12) 
where the functionals u and u have already appeared in (3.13)-(3.16) 

u;{A) = I{h~') = -1 1 d'z Tr {U^A - U[^A, ^A] + 0(^4)}, (4.13) 

cv{-A) = m = -1 1 d'z Tr {^Ap - IA[Ia, p] + 0{A^)} . (4.14) 

The 'quantum correction' Q{A) (equivalent to the induced action corresponding to Dirac 
fermions) contains both local and non-local terms. As it is clear from (4. 13), (4. 14) (see 
also (3. 14), (3. 16)) all terms in fl which are 0{A^, A^) with n, m > 3 are non-local, i.e. 

r'(^7, A) = {k + ^CG)I{g, A) + 1{CG- CH)no{A) + (non - local) , (4.15) 
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QoiA) ^^jd'zTT [AA - ^A^A - ^A^A) (4.16) 

= — / Tr F^F , F = dA-dA. 
2n J dd 

In the case when the subgroup H is abehan, the higher order non-local terms in (4.15) 



automatically cancel out, i.e. Oq = ^ [JT^- contrast to the full O its quadratic part 
Qq is invariant only under the abelian gauge transformations, A ^ A + de, A —>■ A + Be. 
Dropping out the non-local 0(A'^, A"^) terms in V (i.e. replacing fl in (4.11) by Oq) we 
reduce it to the following action 

Ttrig. A) = ik+ ^cg) [I{g) + AI{g, A)] , (4.17) 
AI{g,A)^^ I d'z Tr [{-Adgg-^ + A g-'dg + g-' AgA - AA) 

+-b {AQA + AQ-^A-2AA)] , (4.18) 

Q^l, Q-..|. (4.19) 

The absence of the full non-abelian gauge invariance of the quantum correction term pro- 
portional to 60o should not present a problem, since it is clear that the gauge invariance 
can always be restored by re-introducing the higher order non-local terms. 
Let us note that in terms of the redefined gauge fields 

A' = 0^1'^ A , A! = Q-^/^A , (4.20) 

we can represent (4.18) in the form 

Alig, A) = ^ j cPz Tr [{-Q-^^A' Bgg-^ + Q^/^A' g-'dg + g-^Q-'/^A'gQ^/^A' - A' A') 

+ hiA'-A')^] . (4.21) 

If we were to naively ignore the Q-insertions, we would obtain the following action (omitting 
primes on A, A) 

t{g, A) = {k + ^cg) [I{g) + Ai{g, A)] , (4.22) 
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+ \h{A- Af] . (4.23) 
The dimensionally reduced form of the action (4. 22), (4. 23) was recently proposed (for the 



same purpose of deriving the couphngs of the corresponding sigma model) in . The main 



idea in [|14[ was to concentrate only on the zero mode dynamics, i.e. to consider a reduction 
of the effective action (4.11) to one dimension taking all the fields to depend on the time 
coordinate only (which is effectively equivalent to setting d = d, i.e. (5 = 1). It was 
observed that the resulting Id action (which is invariant under the Id gauge transformation) 
becomes local and quadratic in the gauge field. While this ansatz makes possible to 
determine the metric (and dilaton) of the corresponding sigma model (since the original 
gauged WZW theory is Lorentz invariant, the sigma model action should be given by 
/ d'^z G^^dmX^d^x'^ + ... so that to find the target space metric it is sufficient to compute 
the term in the effective action which is quadratic in the time derivatives of the sigma 
model fields), it has an obvious deficiency. After all, we are dealing with a 2d theory 
which, in general, contains more couplings than its dimensionally reduced analogue. In 
particular, the Id ansatz does not allow one to compute the antisymmetric tensor coupling 
in a systematic way. 

The truncated effective action (4.17) will be our starting point in the subsequent 
derivation of the sigma model couplings. To extract a local part of (4.18) is somewhat 
non-trivial. It is not correct to omit the terms with the operator Q insertions (since Q has 
dimension zero and since this would break the gauge invar iance of (4.17)); it is also not 
correct just to replace Q by 1 (this would break the Lorentz invariance). As we shall see 
in Sec. 5, one should first integrate out the gauge fields and then discard all the non-local 
terms. As is clear from the above discussion, our result for the sigma model metric and 



dilaton should be the same as in the Id approach of ||I4 
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4-2. Supersymmetric gauged WZW theory 

As in the case of the ungauged supersymmetric WZW theory considered in Sec. 3. 2 
the derivation of the effective action in gauged supersymmetric WZW theory can be 
effectively reduced to the discussion of the bosonic case. The path integral quantisation 
of the supersymmetric theory follows the same pattern as in the previous subsection. As 
in the bosonic case and the case of ungauged supersymmetric WZW theory (Sec. 3. 2) our 
treatment of the gauged supersymmetric WZW theory will be in correspondence with 
the results of the operator approach to the superconformal coset theory ||^[^[^. To 
guarantee the = 1 supersymmetry we shall use the superfield formulation of the theory 
as a starting point (see e.g. [^). Our approach is parallel to the one followed in Q in the 



bosonic case (with the fields replaced by superfields).cj 

The supersymmetric version of the ungauged WZW action (3.1) is obtained by 
replacing g by the corresponding superfield and making other standard replacements 

{z" {z", e,e), d^D, etc ) [H 

^ = exp(T^X^), = + + + , (4.24) 

S = ki{g) , I{g) = — [ (fz(fe Tr {Dg'^Dg) + {WZ - term) . (4.25) 

27r J 

The Polyakov-Wiegmann identity (3.2) also has a straightforward supersymmetric gener- 
alisation. The supersymmetric version of the gauged WZW action (4.1) is given by 

i{g, A) = i{g) + (fzcfe Tr (-i Dgg'^ + A g^^Dg + g~^AgA - AA) (4.26) 

= IQ) - Hk , (4.27) 



Our approach is different from the previous path integral analysis of gauged supersymmetric 



WZW theory in [|27| where component formalism was used and only the case of G = H was 
considered. It was mentioned [ p7| , however, that using a superfield in place of the gauge field one 
should be able to give a manifestly supersymmetric treatment of the problem. 
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where the gauge superfields A, A take values in the algebra of the subgroup H and (cf. 
(4.2),(4.3),(4.7)) 

A = hDh-^ , A = hDh ^ , (4.28) 

~g = h'^gh , h = h'^h . (4.29) 

In view of (4.27) the quantisation of the theory can be reduced to that of the two un- 
gauged supersymmetric WZW theories corresponding to the group and the subgroup 
(cf.(4.6),(4.7)), 

Z = J[dg][dA][dA] exp{-A;i(^,i)} 

= J[d~g][dh] J exp{-klQ) + kI{h)} . (4.30) 

Here J stands for the product of Jacobians of the change of superfield variables from A 
to h and from A to h (and includes also a gauge fixing factor). While in the bosonic 
case the corresponding product (regularised in the left-right symmetric way as in (3.7)) 
is non-trivial and leads to the shift of the coefficient of the H-term in the action (see 
(4.6)), in the superfield case each of the Jacobians is proportional to a field-independent 
factor. This happens because the non-trivial contribution of the bosonic determinant is 
cancelled out by a contribution of the fermionic one (this cancellation is similar to that of 
the bosonic and fermionic contributions to the coefficient k of the effective action in the 
ungauged supersymmetric WZW theory, see (3. 25), (3. 26)). In fact, as in the bosonic case, 
the Jacobian of the change A ^ h can be expressed in terms of the path integral with 
the action J d'^zd'^9U{DV + [^,1^]) , where U and V are superfields of opposite statistics. 
Re-writing this action in component fields and integrating them out it is easy to see that 
this Jacobian is ^-independent. 

The theory can thus be represented as a 'product' of the two supersymmetric WZW 
theories for the groups G and H with levels k and —k. Since we know already the expression 
(3. 26), (3. 27) for the effective action in the ungauged supersymmetric WZW model, it is 
now easy to write down the resulting effective action in the theory (4.26). In particular, we 
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conclude that there are no shifts of k. To see this in detail at the component level, let us 
first return to the component notation and make the chiral rotation to decouple fermions 
from bosons as discussed in Sec.3.2. According to (3. 23), (3. 25) we get the following result 

Z = N' j [dg][dh][di;G][di^H] exp[-{k - ^CG)I{g) + {k + ^CH)I{h) 

-WG)+Io{i^H)] . (4.31) 

The factor A^' contains determinants of the free fermions in the adjoint representations 
of G and H as well as the contribution (det dd)^^" originating from J' in (4.30) (which 
provides the correct count of the free degrees of freedom) . Up to these free-theory factors, 
we can represent the resulting theory as the 'ratio' Gj^_i^^/Hf^_i^^ of the bosonic WZW 
theories for the groups G and H with levels kc = k — |cg and kn = k — ^ch (we separate 
the shift ch corresponding to the bosonic change of variable in order to identify (4.31) 
with (4.6)) 

Z = N' J [dg][dh] exp{-kGl{9) + {kH + CH)I{h)} . (4.32) 
In particular, we get the following expression for the central charge (cf. (3. 24), (4. 7)) 



Csusy{G/H) = C{G, k - ^cg) + C{H, -k - ^-cg) + \dg + - 3Dh 



[C{G, k - ^cg) + ^Dg] - [CiH, -k - ^cg) + ^Dh] = C^usyiG) - Csusy{H) , (4.33) 



§)I^G + \dg , C_.(i?) = (1 - ^^)Dh + \ 



(we have included the contributions of the free fermions and the factor contained in A^' in 
(4.31)). 

This conclusion is in agreement with the conformal algebra approach [|| |P (note that 
in terms of the shifted level /c = /c — |cg we get the G-^/ H^_^i^^_i^^ - theory). Let 
us now compare the above approach with the one based on starting with the component 

35 



formulation of the gauged supersymmetric WZW theory in which the fermions are coupled 
only to A, A (see e.g. [pljSl) 



J [dg][dA][dA][di^] exp{-fc/(^7, A) - /o(^, A)} . (4.34) 

Here I{g,A) is the bosonic action (4.1) and /o(i/', A) is the action of Majorana fermions 
(taking values in the orthogonal complement of the algebra of H in the algebra of G) 
minimally coupled to A, A. One can obtain the action in (4.34) from the classical action 
(4.26) by fixing the fermionic part of the gauge invariance by the gauge condition i(jh = 
and solving for the fermionic components of the gauge superfields. Integrating over the 
fermions and going through the same steps as in (4.4)-(4.7) we finish with 

Z = N' J [dg][dh] exp{-kI{g) + [k + ^{cG-CH)+CH]I{h)} , (4.35) 

where the contribution of fermions is proportional to cg — ch- This expression becomes 
equivalent to (4. 31), (4. 32) if k in (4.35) is replaced hj k = k — \cg- As in the case of 
the ungauged supersymmetric WZW theory discussed in Sec. 3. 2, the approach based on 
the naive component action loses the shift of k and this is inconsistent with manifestly 
supersymmetric perturbation theory. 

Applying the results of Sec. 3. 2 and Sec. 4.1 we are now ready to write down the ex- 
pression for the effective action in the gauged supersymmetric WZW theory. Using either 
the representation in terms of the ungauged supersymmetric WZW theories (4.30) and 
(3. 26), (3. 27) or the equivalent formulation in terms of the ungauged bosonic WZW the- 
ories (4.31) and (3. 10), (3. 11) we get the following expression for the (bosonic part of) 
effective action 

Vsusy{g, A) = kl{g') - kl{h') , (4.36) 
d~g'~g'-' = (1 - %W9r' , dh'h'-' = (1 - ^^)dhh-' . 

As in the ungauged supersymmetric WZW theory but in contrast to the result (4. 8), (4. 9) 
for the bosonic gauged WZW theory there are no shifts in the overall coefficients of the 
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G- and H- terms in Ts^sy Ignoring the non-local corrections introduced by the field 
renormalisations in (4.36), we arrive at the conclusion that the local part of the effective 
action of the gauged supersymmetric WZW theory is equal to the classical action of the 
bosonic gauged WZW theory 

T^^Zl{g,A) = kI{g,A) 

^k[l{g) + ^ j cfzTY {-Adgg-^ + Ag~^dg + g-^AgA- AA)] , (4.37) 

i.e., in contrast to the bosonic case (4. 17), (4. 18), it does not contain the quantum correction 
term proportional to 6 = — \ . 

As a consequence, the exact form of the corresponding sigma model will be equivalent 
to the 'semiclassical' form of the sigma model corresponding to the bosonic theory. This 
conclusion is the same as the one obtained in the operator approach in [l^] (in the case 
of the SL{2, R) /U{1) supersymmetric theory) and in [|15[ (in the case of a general G/H 
supersymmetric theory) .@ In particular, there is no shift in the overall coefficient k. As 
we have already emphasized above, it is k and not k that is the coefficient in both classical 
and effective actions and hence is the parameter that should be used in a discussion of a 
correspondence with the bosonic model and in a computation of the sigma model couplings. 

One can find the manifestly supersymmetric form of the corresponding sigma model 
by directly solving for the gauge superfields in (4.26). The result will take the general form 
of the (1,1) supersymmetric sigma model / (Pz(P6{Gmn + Bmn)DX^^ DX^ . Fixing the 
gauge {X^ X^) and using component notation it is easy to read off the corresponding 
connection with torsion and (from the quartic fermionic term) its curvature. 



15 



Note that ref. |15] used k = k — ^cg instead of k. 
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5. Sigma Model Corresponding to Gauged WZW Theory 

5.1. Elimination of the gauge field 

In this section we are going to derive the couphngs of the sigma model which cor- 
responds to the gauged WZW theory. Later in Sec. 6 we shall establish the equivalence 
between the results of the field-theoretical approach and the expressions for the metric 
and dilaton obtained in the operator approach in Sec. 2. We shall also determine the 
antisymmetric tensor coupling which is difficult to find in the operator approach. 

To give a sigma model interpretation to a gauged WZW theory one, should, in prin- 
ciple, fix a gauge and 'integrate out' the gauge field. As was explained in Introduction, 
our method of derivation of the sigma model corresponding to a gauged WZW theory is 
based on first finding the effective action Tgyj^w in the gauged WZW theory and then 
identifying it with the effective action for the sigma model. Both effective actions, in prin- 
ciple, contain local as well as non-local terms. In order to determine the classical sigma 
model action (i.e. the local second-derivative part of Vsm) it is sufficient to consider only 
the truncated part F^^ of Tgy^^yj (4. 17), (4. 18) in which some of the non-local terms have 
already been dropped. Since Ttr is quadratic in the gauge field it is possible to treat it as 
in the semiclassical approximation, i.e. to integrate over the gauge field, to fix a gauge, 
etc. One may then again ignore all non-local terms which may appear in the process of 
elimination of the gauge field. 

Let us start with the following form (4.21) of the truncated effective action 



(4.17),(4.18) 




(5.1) 



(5.2) 
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To integrate over A, or, equivalently, over A'^A' let us first note that it is possible to 
ignore the factors Q^^^'^ in the 0(AA)-term in (5.2): as it is easy to understand, they 
produce only extra non-local terms which we are not interested in. Then (5.2) takes the 
form 

Al'ig, A) = ^j (fz [Li(^7, A) + 12(9, A)] , (5.3) 

Li = Tr {-A' J' + A' J') , L2 = Tr [{g-^A'gA' - A' A') + -h {A' - A'f] . 

In spite of its form this action is still Lorentz invariant since A' , A' in (5.3) are the redefined 
fields of (4.20), (4.21). 

It is useful first to diagonalise L2, the quadratic in {A, A), in (5.3). Let us follow 
the notation of Sec. 2 {Ta = (Ta^Ti) are the generators of the algebra of G; Ta are the 
generators of the algebra of H; A = 1, Dg; a = 1, Dh] i = 1, -D) and define the 
matrices Cab, Mab, Kab, Pab which are functions of 5 111 

Cab = Tr (TagTtg-^) , Tr (T^Tf.) = r]ab , Mab = Cab - Vab , (5.4) 

K = M-^M^, P=^{l + K), Ms = ^iM + M^)=MP , M^, = M^a ■ (5.5) 

Though M may not be invertible on H, it is non-degenerate for a generic g (at the end we 
shall fix a gauge restricting g to G/H). Introducing the following combinations Ba, Ba of 
the gauge fields Aa, Aa { A = T^Aa, A = TM„) 

-P-i(A'-l') , B = -P-\KA' + A') , (5.6) 
2 2 



we find 



A' = B-B , A' ^ B + KB 



L2 = A' MA' + -h{A' - A'f = -BMB + BMsB , (5.7) 
2 



In our notation r]AB is negative definite for a compact group. Indices a,h, ... are raised and 
lowered with r]ab. We shall sometimes use 1 to denote a unit matrix or r]ab- 
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M = Ms- 2bP'^P , = M . (5.8) 

Note that B is invariant under the abehan gauge transformations, A' A' + Q^/'^de, A' 
A' + Q~^/^5e, i.e. it is the analogue of the transverse part of A^ (the 6-correction term is 
contained only in the 0{B^) part of (5.7); cf. also (5.11) below). The current term Li in 
(5.3) takes the form 

Li = BJ + BJ, (5.9) 
Ja = Tr (TaJ' + T^K^^aJ') , Ja ^ Tr [Ta{J' - J')] . (5.10) 
Integrating over B, B we get from (5. 7), (5. 9) 

Lsig) = \jM-^J - \jMs^J (5.11) 

= [\t^ {Tadgg-') {M-'r' Tr {T,dgg-') + ^ Tr (Tag-'dg) {KM-^K^T' TV {ng-^dg) 

+ 1 TV {Tag-^dg) {KM-^T' Tr {ndgg~^) ] 
-[ i TV {T^dgg-^) {M,'f Tr {ndgg-^) + 1 TV {Tag-'dg) {M^^f TV {ng-'dg) 

TV {Tag-^dg) {M^^f TV {ndgg-^) ] + {non - local) . (5.12) 

We have used the expressions for the currents J', J' in (5.2) and rearranged the derivatives 
contained in the Q-insertions to separate the local part of (5.11) (the operators Q^-*^/^ 
either cancel out or double, producing f or | which effectively interchange the derivatives 
d and d in the currents). As as a result, we obtain from (5.1) the following local Lorentz 
invariant action 

Tiocig) = j d^z{[T, (dg-'dg) + (WZ - term)] 

+ [^ TV (Tadgg-^) (M'' - M^^)"^ TV (ndgg-^) 
+ ^ TV (Tag-'dg) {RM'^K^ - M^^)-^ TV {ng-^dg) 
+ TV {Tag-^dg) {KM-^ + M^^)"^ TV {^dgg-^) ]} . (5.13) 
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5.2. Sigma model representation 

The gauge invariance of the effective action makes it possible to fix a gauge and express 
g in terms of D coordinates x'^ on G/H. It is useful, however, to start with the full set of 
Dq coordinates on the group G space and restrict to G/H only at a later stage. We 
shall see that as a reflection of the gauge invariance of the original action, the resulting 
metric on G will be degenerate, having Dh null vectors. In what follows, by the sigma 
model flelds we shall understand the expressions which are found after imposing the gauge 
condition, i.e. after replacing x^ by x^ and making the corresponding replacements of 
the tensor indices, M, A^, ... fx, etc (see the end of Sec. 5. 3). 

Using the coordinate parametrisation 

g-^dg = TAEti{x)dx^ , g-^dg = TAEi{x)dx^ , (5.14) 

dgg-^ = TAE^j{x)dx'^ , Bgg'^ = TAEUx)dx'^ , (5.15) 
Eti = C%{x)Ef, , Cab = Tr (TAgTBg-^) , (5.16) 
we can represent (5.13) in the sigma model formS 

Tioc{g) = S{x) = -—^ [ (fz gMN{x)dx^dx'' , a' = , (5.17) 

TTtt J k+ ^Cg 

GmN = Q{MN) = GqmN — 2 [-^(-^ ^ " ^)^'^]abEME% 

~{M-^ - Ms')abEt,&^ - (KM-' + Ms')abE^MEN) , (5-18) 
Bmn = GiMN] = BoMN - [KM-^ + Ms^)abElj^E%^ . (5.19) 
We have used that KMg^K'^ ^ ■ Here GoMN stands for the original WZW coupling, 

GoMN = E^jTiabE^ = E^jr]ABE^ , (5.20) 



Note that we rescale the metric by the factor — (A; + ^cg) with respect to the standard 
definition (used in Sec. 2). In particular, Gmn is negative definite in the compact case. 

41 



The result for the metric (5.18) is equivalent to the one found in [|14[ using the 'one- 
dimensional' ansatz. Our direct 2d approach makes it possible to derive also the antisym- 
metric tensor coupling (5.19).lll It is useful to repeat the procedure of the elimination of 
the gauge field starting directly with the original form of the truncated effective action 
(4. 17), (4. 18). Representing (4.18) as 

AI{g, A) = - [ d^z [{-AJ + AJ) + AN A + h {AQA + AQ'^A)] , (5.21) 

IT J Z 

Ja= Tt [TaQ-^dg) , Ja= Tv {TaBgg-^) , Nab = Mab - br]ab , 

and solving for A, A we obtain (after omitting the explicitly non-local terms where Q or 
are acting on A^) 

AI{g) = — ! d^z \JV-\N^J + bQJ) + JV-^'^{NJ + bQ-^J)] , (5.22) 
2tv J 

V = NN^ = MM'^ - 2bMs , V = N^N -b^ = M^M - 2bMs , (5.23) 

V-^N^ = N^V~^, M=MsiMM^)-W, KV~^K^ = V~^. 

Ignoring the non-local terms we can replace Q~^J by Tr (Tadgg^^) and QJ by 
Tr (Tag-^dg). Comparing (4.17), (5.22) with (5.17) and using (5. 14), (5. 15) we find 

GMN = GoMN — b{V ^)abE1^E'^ — b{V ^)abE1iE% — 2{V ^N'^)abE'^jyjE'^s^ , (5.24) 

Bmn = Bqmn — 2{V ^N'^)abE^^^E^j^T^ . (5.25) 

These expressions can be transformed into the form (5. 18), (5. 19) with the help of 
(5.23). 

Given the effective action (4. 17), (4. 18) it is possible also to derive the expression for 



the dilaton coupling. As was suggested in P] and discussed in detail in [13] the dilaton 



An equivalent expression was also suggested in [ p^ using the analogy with the result for the 
metric. 
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contribution can be found from the regularised determinant which appears after one in- 
tegrates over the gauge field. It should be emphasized that we are not actually treating 
the arguments A, A of the effective action as quantum fields. The correct point of view 
is that the dilaton coupling term should be already contained in the quantum effective 
action (1.1) computed on a curved 2d background. The reason why the exact expression 
for the dilaton can be found from the determinant of the A, A - bilinear form is related to 
the fact that the dilaton term can be interpreted be as an anomaly-type ('semiclassical') 
contribution. If 

j [dA^] exp i-^J d'^z^ F^pA^Ap) , (5.26) 

where -Fq,^(z) is a given matrix function and a, 13 stand for both internal and two- 
dimensional indices, then 



Z = exp[-^(Tr In F)reg\ 



= exp[ 3_ / d^zJ^ [cqA^ In det F + ci{dm In det Ff + C2R In det F ] . (5.27) 

lOTT J 

Here A is an UV cut-off, R is the curvature of the 2d metric 7m,n and Ci are finite coefficients. 
To preserve the conformal invariance of the theory one should define Z in such a way that 
ci = and C2 = — 1 |^[|6l|j5^.0 g The quadratically divergent term can be interpreted 
as a contribution to the local measure while the coefficient of R is the dilaton coupling of 
the corresponding sigma model, i.e. 

Z = W det exp [ I d^z ^ Rcj)] , (5.28) 

In det F . (5.29) 

Taking into account the Jacobian of the transformation (5.6) (equal to det P) we get from 
(5.7) 

det F = det M det Ms ( det P)-^ . (5.30) 



The ci-term would have given a correction to the sigma model metric. In the semiclas- 
sical approximation one could argue that such term should be dropped since the corresponding 
correction to the metric would contain an extra power of a' . 
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Using that 



we find 



M = Ms{MM^)-^V , det Mg = det M det P , (5.31) 



-- In det M + ^ In det M5 - ^ In det M (5.32) 
2 4 4 

= -^lndety. (5.33) 



A similar representation for tfie exact dilaton in tlie SL{2,R)/U{1) model was given 
in |T^, while the expression equivalent to (5.33) has also appeared in |T^. 

The sigma model with the metric (5.18), antisymmetric tensor (5.19) and dilaton 
(5.32) should be conformal invariant to all orders in the sigma model loop expansion, i.e. 
should represent a large class of exact solutions of string equations. Depending on 6, the 
fields Gmn, Bmn and (j) are non-trivial functions of parameter k or a' (see (5.17)) 

12 1 

^+oCG = — ;■ , b = --{CG - ch)^' , (5.34) 
la' 4 

i.e. the semiclassical limit corresponds to 6 ^ 0. 

As we have found in Sec. 4. 2, the local part of the bosonic term in the effective action 
in the gauged supersymmetric WZW theory is equal to the classical bosonic gauged WZW 
action (4.37) with unshifted k and no 'quantum' 6-term. Thus a' = and the corre- 
sponding exact sigma model couplings are given by the 'semiclassical' bosonic expressions 
(5.18), (5. 19), (5. 32) with 6 = 0, i.e. 

^MAT = GqmN — 2(M ^)abE^M^N) 5 (5.35) 

= BoMN - 2{M-^)ai,E^j^,E%^ , (/>(^) = In det M . (5.36) 

For example, in the case when G/H is Kahler, (5.35) and (5.36) give the couplings of 
the sigma model corresponding to = 2 Kazama-Suzuki superconformal theories (both 
compact [H and non-compact @0[i4||jl^). As was already anticipated in the sigma 



model metric is different from the invariant metric on G/H. It is now clear that this can 
be attributed to the presence of a non-trivial dilaton coupling. 
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5. 3. Explicit form of the sigma model metric 

To be able to study the properties of (5. 18), (5. 19), (5. 32), and, in particular, to estab- 
lish the correspondence with the results found in the operator formalism in Sec. 2 (e.g. to 
prove that the dilaton can be expressed in terms of the ratio of the determinants of the 
'deformed' and invariant metrics on G/H (2.22)) it is important to transform the metric 
(5.18) into a more explicit form. This, in fact, can be done in general (without specifying 
G and H). First, let us note that E-^ can be expressed in terms of E-^ with the help of 
the matrix Cab (5.16), 

^aM — ^ab^M + ^ai^M i — ^ab^ + ^ai^ i {0.6 i) 

TpA rpM _ ryl rpA rpN _ jrN fpM _ rA piAf _ rAf ^A rpM _ y^A 

^M^B — ^B ) ^M^A — ) ^M^^B — ^B ) ^^M^A — ) ^M^B — B ■ 

The indices are raised and lowered with tiab and Gqmn = E^Ean — E'^EaN + E\^EiN. 
The matrix Cab satisfies the orthogonality relation C^rjC = 77, i.e., in particular, 

CadC,'' + CaiC^'=Vab ■ (5.38) 

Using these relations we can put (5. 18), (5. 24) into the form 

Gmn = hABE'^E^ = hijE]^E-j^ + habE^E^ + 2haiE'^j^E]^^ , (5.39) 

where 

= + fabC.C'j , fab = -biV-^)ab = -^(-M"' " , (5-40) 

hab = Vab - bV-,' - bV-^C^.C, - {V-'N^)adC'', - {V-'N^)MCi , 

hai = -bV,fC\C% - {V-'N^)adC\ . 

The key observation is that this metric is degenerate, having Dh null vectors 

GmnY'' = 0, y^ = £;^y^, Y^ = {y\ y-M-,^C''} , (5.41) 
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where y"" are free parameters (this is true, of course, for an arbitrary value of 6, i.e. also 
for the 'semiclassical' metric (5.35)). In view of (5.37) and the relation Cab = -^ab + Vab , 

Y"" = -y^M-'\E^ -E^l (5.42) 

i.e. the equivalent set of null vectors is represented by 

= E^ -E^ = -MabE""' - Ca^E''' . (5.43) 

These vectors are recognised as being the generators of the vector subgroup H of the 
G X G symmetry of the WZW action which was gauged in (4.1). They are Killing vectors 
of the group metric Gqmn and are also the Killing vectors of Gmn (see in this connection 
fS^ ). Note that it is the 'Z-component' of the current J7a (5.10) which is coupled to the 
'longitudinal' part B of the gauge potential in (5.11). 

It is possible to check that GmnZ^ = directly using (5.43), the representation 
(5.24) for the metric and (5. 37), (5. 38). As a simple illustration, let us consider a special 
case of symmetric Cab {C is symmetric, for example, when dim H — 1). Then 

Ms = M , K = P=1 , M = M -2h , V = V = M{M - 2b) 

so that the background fields (5. 18), (5. 19), (5. 32) take the form 

Gmn = GoMN - 2{M-^)abEfME%^ - b[M{M - 2b)]-,\El, + El,){E% + ^^) , (5.44) 

Bmn = BoMN - 2{[M{M - 2b)]-\M - b)} abE^j^E),^ , (5.45) 

In det [M(M- 26)] . (5.46) 

In (5.44) we have separated the 'semiclassical' part from the higher-order correction. Mul- 
tiplying (5.44) by E^ — E^ and using that 

{EaN + EaN){E^ " E^) = Cab " Cba (5.47) 
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vanishes by assumption, one concludes that both the 'semiclassical' and 'quantum' parts 
of (5.44) give zero contributions to the product. 

To get a non-degenerate metric we should restrict Gmn to the subspace orthogonal 
to the null vectors . In general, given a set of null vectors and another non-degenerate 
'canonical' metric (which we shall choose to be equal to the invariant metric Gqmn = 
E-^Ean on G) one can define the projection operator on the subspace orthogonal (with 
respect to Gqmn) to 

U^ = S^- Z^{ZZ)-'-'ZMb , {ZZU = GomnZ^Z^ , = n . (5.48) 

One can change the original basis Ef = {E^^ , E^) for the new one (i?/^, Z^) with H^^ 
being orthogonal to Z^ 

GoMNHt'Z^ = , nj^iyf = . (5.49) 
Then the degenerate metric (5.39) takes the form (i?^ = r]'^^ Gqmn) 

Gmn = ^M^KL^N ) Gkl = dijHliHl^ + gahZM^^ + 2gaiZ'^]^H^^^ , (5.50) 

i.e. 

Gmn = gijHljH]^ . (5.51) 
The choice of is not unique. We can take 

= , Hj^ = Ej^ , {HH)ij = GqmnH^ , (5.52) 

where h.\ can be fixed, for example, by the condition of orthonormality of Hf^ ^ i.e. 
{HH)ij = rjij. The inverse to Gmn is given by 

G-^^^'Gnk = , G-i^^ = g(-^^'^H^Hf , = H^{HH)-^'^HMj , (5.53) 

gi-m^HH)ig,i = {HH)-^' . (5.54) 
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In our case of (5.43), {ZZ)ab = -2{Ms)ab, i-e., 

To express the metric in terms of Hj^ the form (5.18) of Gmn is most useful: as is obvious 
from (5.18), 

Gmn = IImat — -^{EMa + EmcK^)M ^°'^{ENh + K^Enc) ■ 
Since U^E^ = \{E^^ + K^''){Ms^M)ba , we find (5.50) with 

Gmn = GoMN - 2EI,M-;E% = El,7j,jEj, + E^Tjat - 2M-i)E% . (5.55) 

A simple choice of (non-orthonormal) Hf^ is (we shall use bars to denote objects corre- 
sponding to this basis) 

Hi, = Ei,- M-,^C^'El, = p^Ei + M-,^C^'M-^-ZIj , Hl^Z^ = , (5.56) 

(M)y = HiMHf = , p,, = ?7,, + {MM^)JC-^C'j . (5.57) 

Expressing E^^^Ej^ in terms of Hj^,Z^ is effectively equivalent to dropping out terms 
with E1^ in (5.39), i.e., we find 

Gmn = 9ijHhK > 9ij = hij = Vij - fe^^^'C^C^ . (5.58) 

Note that the metric gij becomes trivial in the 'semiclassical' limit 6 = 0. If instead we 
use the basis Wj^ defined in (5.52) 

HI, = Uf^E^ = El, +pT^'C-^iMM^)-,'zl, , (5.59) 

then 

El, = -M-'^^ChH'm - (^"^ - M-'"^''M-'^dCcip-^'^Cdj)ZbM , 
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and thus from (5.55) 

Gmn = 9ijHiiH'N , 9ij = Vij + [M-^{1 - 2M-^)M-\kC''fi\ . (5.60) 
The representations (5.58) and (5.60) are related by the transformation 

iHH),j = p-.i = Vij + I (MsXbC^iC'j . (5.61) 

The Dx D matrices of generic form hij = 7]^^ + fahC^C^j have the following multiplication 
law: 

/3 = /i + /2 + /i(l-CC^)/2 , (5.62) 

where we have used (5.38), i.e. that C^^Cu = (1 — CC'^)ab- The inverse of such a matrix 
is given by 

= + fib'^C^rC, , f^-'^ = -if-' + (1 - CC^)]-'. (5.63) 

The determinant of h^j can be computed by taking the variation with respect to fab 

Slndeth= Tr {h-^5h) =h-^'^CaiC^j df"^ = {{l-CC^)[l + f-^\l-CC^)]Y^ 5/"^ , 

det h = det [1 + /(I - CC^)] . (5.64) 
Applying (5.64) topy, gij and gij in (5. 57), (5. 58) and (5.60) we get 

det Qij = det [(1 + h)V-^M'^] , det = det [-2M-'^Ms] , (5.65) 

det Qij = det [4(1 + 6)F~^M|M~^] = det g^j ( det pijf . (5.66) 
The inverse of Gmn defined according to (5. 53), (5. 54) is found to be 

^_iMiv ^ -gi-mn^Hf , ^Jr^) ^ (p^p)-.i , (5.67) 

49 



= V^J + liMs' - ^^^Ms'MM'^M^X.C'^fi'^ . (5.68) 
The metric (5.67) can be represented in the following form 

Q-IMN _ jjMq-IKLjjN 

Q-iKL ^ E^E^N _ ^E^E'^N ^ E^W"" - (7 - l)£;f , (5.69) 

(5.70) 

K -I- f CiJ 

This is readily checked using (5. 43), (5. 56), i.e. 

E^M = pT^'m + 0{Z) , El, = -M-^'^'Cup-^'H'^ + 0{Z) , 

E^^E^^ - (7 - l)E^'E-^ = {p-'g'p-'hHt'H^'' , 

a'ij = mj - (7 - l){MM^)-,'C^,C'j , ^' = , (5.71) 

where we have noted that the matrix g' is nothing but the inverse of g in (5.58). 

To obtain a similar representation for the antisymmetric tensor coupling in (5.25) one 
is to express E%[ in terms of El,, E^, (or HI,, Z%j). We get 

Bmn = Bqmn — '^{V~^N'^C)abE^j^E'^j — 2{V~^N'^)abC\E^j^El^^ . (5.72) 

It should be possible to find a more explicit representation for the field strength of Bmn 
using the expression for O^kBqmn] • The gauge invariance of the action (before gauge fixing) 
implies that the Lie derivative of Hmnk along should vanish and that BmnZ^ = 0, 
i.e. like Gmn the antisymmetric tensor can be represented in terms of 'Wm- 

Since the sigma model J (P zG mn {x)dx^ dx^ + ... has a gauge invariance (generated 
by Z^) the final step is to fix a gauge, e.g. to restrict coordinates on G to coordinates 
xt" on G/H. Let 

R^ix^) = , R^mSx^ = , i?^ = OmR" (5.73) 
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be a gauge condition (the corresponding ghost determinant which should be included in the 
measure is det R\^Z^^). One may either add a gauge term into the sigma model action 
(which will then depend on all coordinates) or explicitly solve the gauge condition 
expressing x^^ = x^^ (x^) in terms of D coordinates x^ on G/H^ In the latter case we 
will get a sigma model on the L>-dimensional space with H^^ replaced by the D x D matrix 
= H\.jd^x^ (i.e. a vielbein), Gmn by G^i,, etc. The expressions for the sigma model 
metric and antisymmetric tensor then are 

G'/.i. = GjiiNdf^x^^d^x^ , Gij,„ = GMNdfj.x^d^x^ , (5.74) 

where Gmn and Bmn are given by (5. 58), (5. 56) and (5.72). 

6. Equivalence of Results of Operator and Field— Theoretical Approaches 

Let us now compare the expressions for the background metric and the dila- 
ton corresponding to a gauged WZW model obtained in the field-theoretical approach 
(5.58), (5. 73), (5.33) 

G^. = g^jHj^m , 9^J = V^J - hV-.^C'^fi^ . (6.1) 

(/) = (/)o - ^ In det y , V = MM^ - h{M + M^) , (6.2) 

Mab = Tr {TagTtg-^ - T^Tfc) , Ca^ = Tr (TagT.g-^) , 

If one uses the formulation in terms of all Da coordinates one should also impose as usual 
the gauge invariance (BRST invariance) condition on the observables. Adding a gauge-fixing term 
in the action one obtains the following non-degenerate metric on G: Gmn = Gmn + QabRliR^i, 
where qab can be chosen on the basis of convenience. The determinant of the degenerate metric 
Gmn is then formally defined as follows 

( det Ga/at)""^/^ = ( det GmnY^^'^ det {R%[Z^^){ det QabY^"^ ■ 
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with the results (2. 12), (2. 25), (2. 31) which were found in Sec. 2 by identifying the operator 
Lq of conformal G/H theory with a Klein- Gordon operator in a background. The restric- 
tion of Lq to i?-invariant states implies imposing the condition Z^Bm = (where is 
given by (5.43)). Then the metric (2.12) is the 'projected' one (2.25) and therefore is equal 
(up to the overall factor —(A; -|- \cg) which we separated from the sigma model metric in 
(5.17)) to the inverse of the metric (5.73) (see (5. 69), (5. 70)). We have thus demonstrated 
that both the operator and the field-theoretical approaches lead to the same expression 
for the target space metric. While the operator approach gave the inverse of the metric 
in a simply looking but rather abstract form, following the direct sigma model approach 
provided us with more explicit representation for the metric itself and clarified its general 
structure. 

The metric (6.1) can be considered as a 'deformation' of the 'round' metric on G/H. 
The latter corresponds to the sigma model which is found by integrating out the gauge field 
(taking values in the algebra of H) in the action invariant under the gauge transformations 
g' = gu generated by Elj 

1 = j (fz Tt {g-^dmg + Amf . (6.4) 

This action (and hence the resulting sigma model metric) has also global G-invariance 
which is absent in the gauged WZW action (4.1) (unless H is an invariant subgroup of 
non-simple G) being broken by the ^~-^^^^-term). As a result, in contrast to the metric 
in (5.74), the sigma model metric corresponding to (6.4) has global G invariance. Before 
gauge fixing we get a degenerate metric G^^j^ on the full G (with null vectors E^). 
Solving a gauge condition (5.73) and expressing in terms of we get the metric G^^u 
on D-dimensional space G/i?, 

G-Miv = , Gg) = r/,,-4E^ El = E\,d^x^ . (6.5) 
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Note that since according to (5.56) H]^ = + 0{E1^), choosing the gauge condition in 
(5. 73), (5. 74) such that 9m-R" = -E^ it is easy to see that 

det G^^ = det G^l^} det g^j ( det M)-^ , (6.6) 

or (cf. (5.35)) 

det Gjfj = det G^;^} ( det M)-^ , G^^} = mjH;Hi , (6.7) 

where ( det M)^ is the square of the corresponding ghost determinant [E'^jZ^'' = — , 
see (5.43)). 

A similar equivalence is established between the results of the two approaches for 
the dilaton (2.31) and (5.33). As we have shown, the operator approach implies that the 
dilaton is given by the logarithm of the ratio (2.31) of the determinant of the metric and the 
determinant of an invariant metric on the coset space. Using (6.1), (6. 2) and the expression 
(5.65) for the determinant of Qij and we get 



V det G^, e-^'t' = a/ det G^'} ^ det g,j e'^-^ (6. 



det Cjfj det M = a \/ det cj!)] , (6.9) 

a = (v/rT6)^«e-2'^o , 

i.e. as in (2.22) the 'measure factor' (6.8) is nothing but the canonical measure on the G/H. 
Since G^/^^ is 6-independent we have thus proved in general that ^/G e~'^^ is essentially 



/c-independent, in agreement with |jT^ [jl^ 



It would be interesting to study the general properties of the metric (6.1) , relating 
them to the properties of the basic matrix Cab (i-e. of Mab, Cai, etc) and the value of b 
(for example, in the semiclassical limit the singularities of (5. 35), (5. 36) correspond to the 
fixed points of the transformation g hgh^^ where M ^ [E9|; see also [|31| [p^). 



The sigma model couplings in the supersymmetric case (5. 35), (5. 36) does not depend 
on a'. That means they solve the sigma model conformal invariance conditions at each 
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order of the loop expansion. Namely, once the one-loop conditions are satisfied, all higher 
loop corrections to the /9-functions vanish (up to a field redefinition ambiguity) on the 
corresponding background. This is interesting, given that these models have, in general, 
only = 1 (and not = 2 or = 4) supersymmetry. There exists another class of 
= 1 supersymmetric sigma models which have the same property ||62|| .il 



I am grateful to I. Bars, A.M. Semikhatov, K. Sfetsos and A. Turbiner for discussions 
and critical remarks. This work was partially supported by a grant from SERC. 
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This was checked explicitly up to 5-loop order in the supersymmetric SL{2, R) /U{1) model 
12]. While the two - and three - loop terms in the /3- function of the = 1 supersymmetric sigma 
model are known to vanish (in the minimal subtraction scheme) [ pO| , the four- loop term does not 
vanish in general |61]. However, there exists such a renormalisation scheme in which it vanishes 
for the 'one- loop' D = 2 background of |2|][|]. 

The corresponding 2 -|- D-dimensional target space metric has null Killing vector and the 
'transverse' D- dimensional part of the space is represented by the homogeneous G/H Kahler- 
Einstein manifolds (the N = 2 sigma models representing the 'transverse' space have only one-loop 
/3- function being non-zero [p3|). 
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